We will make a construction of twisted equivairant K-theory for proper actions of discrete groups by using ideas of Lück and Oliver [16] to expand a construction of Adem and Ruan [1] .
α-twisted representations
A projective representation of G is a map which is not quite a complex representation but is only off by multiplication by a complex number. It is not hard to see that α is going to be a 2-cocycle of G, i.e. α ∈ Z 2 (G, C * ). The associativity of multiplication in GL(V ) combined with condition (i) gives the cocycle condition, and α(g, 1) = α(1, g) = 1 for all g ∈ G by condition (ii).
From now on we will focus on projective representations which are associated to the same cocycle α. Any projective representation associated to α is called an α-twisted representation of G. In the case of complex representations of G, we have a notion of when two representations are isomorphic. We have a similar idea for α-twisted representations. Clearly the direct sum of two α-twisted representations is again an α-twisted representation. So we can form the monoid of linear isomorphism classes of α-twisted representations of G, denoted by M α (G). Let R α (G) be its associated Grothendieck group, the α-twisted representation group. Note that if α is the trivial cocycle, then R α (G) is R(G), the complex representation ring of G.
It is not hard to see that the tensor product of two α-twisted representations is not an α-twisted representation, but that doesn't mean that tensor products are uninteresting in this context. If α and β are two cocycles, then the tensor product of an α-twisted representation ρ : G → GL(V ) and a β-twisted representation τ : G → GL(W ) is an α + β-twisted representation. This can easily be seen by forming ρ ⊗ τ : G → GL(V ⊗ W ). Note that this can be extended to a pairing R α (G) ⊗ R β (G) → R α+β (G).
In order to study R α (G), we introduce the α-twisted group algebra C α G. We denote by C α G the vector space over C with basis {ḡ} g∈G with productḡ ·h = α(g, h)gh extended by linearity. This makes C α G into a C-algebra with1 as the identity. Definition 2.3. If α and β are cocycles of G, then C α G and C β G are equivalent if there exists a C-algebra isomorphism φ : C α G → C β G and a mapping t : G → C * such that φ(ḡ) = t(g)g for all g ∈ G, whereḡ andg are the bases for the two twisted group algebras.
This defines an equivalence relation on such twisted algebras, and we have the following classification result Lemma 2.4. There is an equivalence of twisted group algebras, C α G ≃ C β G, if and only if α is cohomologous to β. In fact, α −→ C α G induces a bijective correspondence between H 2 (G, C * ) and the set of equivalence classes of twisted group algebras of G over C.
In [13, Theorem 2.2.5] , it is shown that these twisted group algebras play the same role in determining R α (G) that CG plays in determining R(G). 
C
α G is also called the α-twisted regular representation of G. In [13] , it is shown that every C α G-module is projective.
Induced α-Representations
Now let α be a fixed cocycle of G. We will use α to denote both the cocycle and its restriction to any subgroup as long as it is clear from the context which is meant. With this convention, for a subgroup H of G we can identify C α H with the subalgebra of C α G consisting of all C linear combinations of the elements {h|h ∈ H}. If V is a C α G-module, then we shall denote by V H the C α H-module obtained by the restriction of the algebra. So V H equals V , but only the action of C α H is defined on V H . This process is called restriction and it takes any C α G-module V to a uniquely determined C α H-module V H . There is a dual process of induction. Let W be a C α H-module. We are considering C α H as a subalgebra of C α G, and so we can define a C α G-module structure on the tensor product C α G ⊗ C α H W . We will denote this induced module W G . Here are some formal properties of induced modules Lemma 2.6. Let V 1 and V 2 be submodules of a C α H-module V .
Lemma 2.7. Let H be a subgroup of G and let U λ / / V µ / / W be a sequence of homomorphisms of C α H-modules. Then the following properties hold:
is exact if and only if the corresponding sequence of
is exact.
(ii) Suppose that the sequence (*) is exact. Then (*) splits if and only if (**) splits.
Some notation is needed for the following theorem. Let H be a subgroup of G, and let V be a C α H-module. We can always choose a C α G-module W so that V is a submodule of W H . Then, for any g ∈ G,ḡV = {ḡv|v ∈ V } is a C-subspace of W . In fact,ḡV is a C α (gHg −1 )-module whose isomorphism class is independent of the choice of W . Now define V (g) to be the C α (gHg −1 )-module whose underlying space is V and withx, for x ∈ gHg −1 , acting as
Theorem 2.8 (Subgroup Theorem). Let H and K be subgroups of the finite group G. Let T be a set of double coset representatives for (K, H) in G, and for
3 Twisted Equivariant K-theory
We will construct twisted equivariant K-theory out of finite rank equivariant bundles similar to [20] . However, we only consider equivariant bundles whose underlying structure is a complex vector bundle over X. Another concern is that in [20] the group must be compact. Since we are interested in actions of general discrete groups, we can no longer assume this. However, we will assume that the group is acting properly. This means that all the subgroups that fix a point are compact and therefore finite. We will using the work of Lück and Oliver [16] to construct the α-twisted equivariant K-theory of a finite proper G-CW pair for a discrete group G. First we need some background for the construction. Let α ∈ Z 2 (G, U (1)) be a torsion cocycle of order n. Since α is torsion of order n, α n is cohomologous to the trivial cocycle, i.e., there exists a cocycle t ∈ Z 1 (G, U (1)) with
We can define such a u since U (1) is a divisible group. Using multiplicative notation, this means we can always take n th roots. β = α(δu) is again torsion of order n, and β takes values in Z/nZ. So by restricting to a cohomologous cocycle if necessary, we may assume that α takes values in Z/nZ. We call such a cocycle normalized.
So, we can take α to represent a central extension of G by Z/nZ as below.
Recall that elements of G α are of the form (g, σ k ) for g ∈ G, σ the generator of Z/nZ and 0 ≤ k ≤ n − 1; where multiplication is given by (g, σ j ) · (h, σ k ) = (gh, α(g, h)σ j+k ). We can form CG α , the algebra over C with basis {(g, σ j )|g ∈ G, 0 ≤ j ≤ n − 1}. We also have C α G, the α-twisted group algebra of G, and C α G has basis {g|g ∈ G} as an algebra over C.
For the following let ζ = e 2πi/n . There is a natural C-algebra monomorphism φ :
extended by linearity. This is a C-algebra homomorphism because if α(g, h) = σ j , then
Since φ takes the basis elements of C α G to linearly independent vectors in CG α , φ is clearly a monomorphism. This gives a way to identify C α G with a subspace of CG α . This identification is natural with respect to restriction to subgroups as follows. For any group monomorphism f : H → G, we have a commutative diagram
where {t 1 , t 2 , t 3 , . . . , t k } is a left transversal for H α in G α . We may assume that t 1 is the identity element of G α . Note that {ρ(t 1 ), ρ(t 2 ), ρ(t 3 ), . . . , ρ(t k )} is a left transversal for H in G, where ρ : G α → G is the projection. So we have
This fact combined with the canonical inclusion above gives the following commutative diagram of H α -modules
This will be important in the proof of the following theorem.
Theorem 3.1. Let G be a discrete group, and let α be a normalized torsion cocycle of G as above. Then for any finite proper G-CW complex X, there is a G α -bundle E over X with fiber E| x ∼ = (V α,Gx ) ⊕k for some k where
That is, the fiber of E is the direct sum of a number of copies of the twisted regular representation of G x .
Proof. First, we need to note that since G α is a finite extension of G, we can think of X as a finite, proper G α -CW complex as follows. For any subgroup H i of G, α restricts to the subgroup H i to define an extension
. Gluing these cells together in the obvious way gives a G α -CW structure for X.
Another fact we will need is that there is a G α -bundle E ′ over X with fiber E ′ | x the direct sum of a number of copies of the regular representation of G x,α [16, Corollary 2.7] . The bundle we want will be a subbundle of E ′ . Using the notation above, we will write elements of G α in the form (g, σ i ) with g ∈ G and σ the generator of Z/nZ, and let ζ = e 2πi/n . Note that since (1, σ j ) fixes X the action of (1, σ j ) on E ′ must take any fiber to itself. Define E to be the subbundle of E ′ consisting of all vectors v with (1, σ j ) · v = ζ j v for 0 ≤ j ≤ n − 1. It still remains to be shown that E is the bundle we want. The fiber E| x is going be a subspace of the fiber
⊕k in an obvious way. We need to show that that there isn't anything else. So let v be a vector in E| x . We can view v as a vector in E ′ | x = (CG x,α ) ⊕k , and we can express v in the following way,
where G j x is the j th copy of G x in the fiber. A simple calculation shows that since (1,
So E is the bundle we want.
Let G be a discrete group and let α ∈ Z 2 (G, U (1)) be a normalized cocycle of finite order n, as above. We know that α defines a central extension of G by U (1), and this extension factors through a central extension of G by Z/nZ in the following sense. In the diagram below, G α is included as a subgroup of G α , and the diagram commutes.
From the above diagram, it is not hard to see that any G α -equivariant bundle in which the central U (1) acts by complex multiplication on the fibers restricts to a G α -equivariant bundle in which the central Z/nZ acts by multiplication by powers of e 2πi/n on the fibers. Equivalently, it is clear that for any G α -bundle in which the central Z/nZ acts by complex multiplication on the fibers, the action can be extended to a G α action with the central U (1) acting by complex multiplication on the fibers. So it suffices to consider G α -equivariant bundles with this action. Definition 3.2. Let G be a discrete group, X a finite, proper G-CW complex, and α ∈ Z 2 (G, U (1)) a normalized torsion cocycle of order n. An α-twisted G-bundle over X is a complex vector bundle E → X with an action of G α on E which covers the action of G on X and which restricts to the complex multiplication action of U (1) ⊂ G α on the fibers.
So far, we have only been considering torsion cocycles. It turns out that for our purposes, it suffices to consider only torsion cocycles, as the following lemma will show. Lemma 3.3. Let X and G be as in the definition, and let E be an α-twisted G bundle of rank n. Then the order of α divides n.
Proof. Let E be an α-twisted G bundle of rank n over X. Since E is a ( G α , GL n (C)) bundle, we will get a homomorphismf : G α → GL n (C) by restricting to an orbit and trivializing the bundle there.f restricts to a homomorphism f : G → P GL n (C) after dividing out by U (1). The map f represents an element of H 1 (G; P GL n (C)) in an obvious way.
There is a long exact sequence in group cohomology coming from the short exact sequence of coefficients
This gives a map δ : H 1 (G; P GL n (C)) → H 2 (G; U (1)) which, it is easy to see, takes the cohomology class of f to the cohomology class of α. Because of the following commuting diagram of coefficients
we have the following commutative diagram in cohomology
Therefore, α lies in the image of H 2 (G; Z/nZ) → H 2 (G; U (1)) and so it must be n-torsion. This proves the statement.
In other words, if α is not a torsion cocycle, there are no finite rank α-twisted G bundles. If α is torsion, then we know there is at least one α-twisted bundle by Theorem 3.1.
Now if E and F are both α-twisted G-bundles, then so is E ⊕F . This means that isomorphism classes of α-twisted bundles over X form a monoid. Let α K G (X) be the associated Grothendieck group. It is important to note that if E and F are both α-twisted G-bundles, E ⊗ F is not an α-twisted G-bundle. So α K G (X) doesn't have a ring structure.
The following observation will allow us to extend the construction of α K G (X) to a Z/2Z-graded equivariant cohomology theory. Any G α -equivariant bundle E over X will determine a representation of Z/nZ for each Gconnected component of X. This comes from the fact that Z/nZ acts trivially on X. So each fiber of E gives a representation of Z/nZ, and because E is a bundle, the representation is fixed over every G-connected component of X. Let K Gα (X) be the Grothendieck group of the monoid of isomorphism classes of G α -equivariant bundles over X. Then, if X is G-connected, we have a splitting
where Irr(Z/nZ) is the set of isomorphism classes of irreducible complex representations of Z/nZ. Here K Gα,V (X) consists of the G α -equivariant vector bundles which restrict to the representation V in each fiber. The splitting comes from the fact that every complex representation of Z/nZ splits into a direct sum of irreducibles. So we have a splitting according to the irreducible complex characters of Z/nZ, and it is clear that α K G (X) is the direct summand corresponding to the representation given by taking the generator of Z/nZ to multiplication by e 2πi/n . Also, the splitting is functorial in the category of finite, proper G-CW complexes and G-maps via pullback. Given any G-map f : X −→ Y between G-CW complexes X and Y , f is trivially G α -equivariant, and the induced map f * : K Gα (Y ) −→ K Gα (X) will respect the splitting (1). So f * will take K Gα,V (Y ) to K Gα,V (X) for each V ∈ Irr(Z/nZ). Also, as noted for α K G (X), the Whitney sum of bundles will restrict to an operation on each summand in the splitting (1). So each summand is an abelian group with respect to Whitney sum. Tensor product of bundles will not restrict to an operation on each summand, however.
Since G α is a finite extension of G, it is again a discrete group, and X is a proper G α -CW complex if it is a proper G-CW complex as seen in Theorem 3.1. Therefore we can describe the G α -equivariant K-theory of X using the results of Lück and Oliver [16] . In particular, if we again let K Gα (X) denote the Grothendieck group of the monoid of isomorphism classes of G α -equivariant vector bundles on X, then we define the G α -equivariant K groups of X by
For a finite, proper G-CW pair (X, A), define
Lück and Oliver [16] show that these definitions give a Z/2Z graded equivariant cohomology theory and Bott periodicity holds in this context. We can now state the main theorem of the paper. A) is just the equivariant K-theory defined by Lück and Oliver [16] . For two normalized torsion cocycles α and β, there is a twisted product [1] .
finite, then this construction agrees with the construction of Adem and Ruan
The proof of Theorem 3.4 will be the focus of the rest of this section. The main issue will be proving the existence of the twisted product. The fact that we have an equivariant cohomology theory will follow from the fact that α K G (X) is a direct summand of K Gα (X) and all the maps in [16] respect the splitting in (1) .
First, we see from the definition that each K
−n
Gα (X) splits as in (1) . Because the splitting is functorial in the category of finite, proper G-CW complexes and G-maps, we see that for any G-CW complex X, we can define α K −n G (X) as the direct summand of K −n Gα (X) corresponding to the representation which takes the generator of Z/nZ to multiplication by e 2πi/n . With this definition, the extension of the groups α K G (X) to a Z/2Z-graded Gequivariant cohomology theory follows from the fact that the groups K −n Gα (X) extend to a Z/2Z-graded cohomology theory on the category of finite, proper G-CW pairs [16] .
The properties of excision, homotopy invariance, disjoint union, and the long exact and Mayer-Vietoris sequences for α K −n G (X) all follow directly from the same properties of K
Gα (X) proven in [16] by restricting all the maps to the appropriate direct summands. All of the maps in the constructions which are induced from G α -equivariant maps automatically respect the splitting (1), and so restrict to the direct summands. The only map which needs to be checked is the connecting homomorphism in the Mayer-Vietoris sequence
However, it is easily seen to respect the splitting by its definition. It is the restriction of the induced map
Here X 1 and X 2 are part of a pushout diagram of finite proper G-CW complexes
/ / X where i 1 and j 2 are inclusions of subcomplexes.
We should say a little about induction. Let (X, A) be a finite proper G-CW pair, and let H be a subgroup of G. 
Here we are using the abuse of notation that H α corresponds to the extension of H by Z/nZ which comes from restricting the cocycle α to the subgroup H. This isomorphism respects the splittings of K −n Hα (X, A) and K
Gα (G α × Hα (X, A)). This follows from the construction of the isomorphism since given an H α -equivariant vector bundle E and the corresponding G α -equivariant vector bundle G α × Hα E, they will both clearly restrict to the same representation of Z/nZ in the fibers over the points x and G α × Hα x. So the isomorphism will restrict to the appropriate summand, and induciton will hold for α K −n G (X, A). The Bott periodicity map will also respect the splitting (1), since it involves the exernal tensor product with a bundle over S 2 . So for any finite proper G-CW pair (X, A) and normalized torsion cocycle α of G, we can define
Gα (X, A) corresponding to the representation of Z/nZ which takes the generator to multiplication by e 2πi/n . We can define α K 1 G (X, A) as the corresponding direct summand of K 1 Gα (X, A). This gives a Z/2Z-graded equivariant cohomology theory on the category of finite proper G-CW pairs which has the following exact rectangle
for any finite proper G-CW pair (X, A). The rectangle again just comes from the rectangle we get from the G α -equivariant K-theory of the pair (X, A) [16, Theorem 3.2] .
The only part of Theorem 3.4 left to prove is the existence of an associative graded commutative twisted product. This will come from the graded commuative product constructed by Lück and Oliver in [16] . Given two normalized torsion cocycles α and β with values in Z/nZ and Z/mZ respectively, we can form an exterior product α ⊕ β which is a cocycle with values in Z/nZ × Z/mZ. This defines an extension of G by Z/nZ × Z/mZ which we can call G α⊕β .
There are obvious projection maps p α : G α⊕β → G α and p β : G α⊕β → G β , and these give rise to maps in equivariant K-theory
for any G-space X. Note that if E is a G α -bundle, then the central subgroup 1 × Z/mZ ⊂ G α⊕β acts trivially on φ α (E), and similarly if F is a G β -bundle, then the central subgroup Z/nZ × 1 ⊂ G α⊕β acts trivially on φ β (F ). We can form the composition
where µ is the product defined in [16] . This will give us the associative graded commutative twisted product we want. Let us call this composition η. Notice that K G α⊕β (X) has a splitting just as in (1) . In this case, the direct summands will correspond to irreducible characters of Z/nZ × Z/mZ. However, any irreducible character of Z/nZ × Z/mZ can be seen as the product of an irreducuble character of Z/nZ with an irreducible character of Z/mZ.
If we restrict η to α K G (X) β K G (X), the image lands in the direct summand of K G α⊕β (X) which corresponds to the representation of Z/nZ × Z/mZ which takes the generator of Z/nZ × 1 to multiplication by e 2πi/n and the generator of 1 × Z/mZ to multiplication by e 2πi/m . We will denote this image by α,β K G α⊕β (X).
Lemma 3.5. Let α, β ∈ Z 2 (G, U (1)) be two normalized torsion cocycles of the discrete group G. For any finite G-CW complex X, there is a canonical map
such that the restriction ϕ :
is an isomorphism. Here α + β ∈ Z 2 (G, U (1)) represents the normalized torsion cocycle which is the sum of the cocycles α and β.
Proof.
Since they are normalized torsion cocycles, let α take values in Z/nZ ⊂ U (1) and let β take values in Z/mZ ⊂ U (1). Since α and β are normalized, α + β will be normalized as well, and it will take values in Z/kZ for some k dividing the least common multiple of n and m. In fact, Z/kZ will be the image of Z/nZ × Z/mZ under the multiplication map
There is an obvious projection map p :
. Let ϕ be the map induced by p on equivariant K-theory. Under this construction, if E is an (α + β)-twisted G-bundle, then ϕ(E) will be the equivariant G α⊕β -bundle with the same total space E, where G α⊕β acts on ϕ(E) by the projection p and the action of G α+β on E. This action shows that ϕ(E) is an element of α,β K G α⊕β (X) from the definition, and it makes sense to talk about the restriction ϕ. It is clear from this construction that at the level of bundles, ϕ will take two non-isomorphic α + β-twisted bundles E and F to non-isomorphic G α⊕β -equivariant bundles.
It remains to be shown that ϕ is a surjection. However, this is simple to see at the level of bundles. If we take a G α⊕β -equivariant bundle E with the generator of the central Z/nZ × 1 (resp, central 1 × Z/mZ) acting by multiplication by e 2πi/n (resp. e 2πi/m ) on the fibers, then we can define a bundle F with the same total space and an action of G α+β as follows. The generator of the central Z/kZ acts by multiplication by e 2πi/k on the fibers. Given an element g ∈ G, we will let (g, 1) ∈ G α+β act on F the same way (g, 1, 1) ∈ G α⊕β acts on E. This action will be well defined, and it will make F into an α + β-twisted G-bundle. This construction means that every G α⊕β -bundle with the given action corresponds to an α + β-twisted G-bundle, and so ϕ is an isomorphism.
Using the above lemma, we can construct the product
This product will extend to a product
in the same way that the product in [16] extends. In fact, using the splitting (1)
we have for the G α⊕β -equivariant K-theory of a finite G-CW complex X, the product
will restrict to the direct summands to give a product
where V and W are irreducible complex Z/nZ×Z/mZ-modules. Therefore, for a finite G-CW complex X, the twisted product is a restriction of the standard product for the G α⊕β -equivariant K-theory of X. The graded commutativity comes from the fact that α + β = β + α as cocycles and the graded commutativity of the product in [16] .
Twisted Bredon Cohomology and the Spectral Sequence
This section will be devoted to the construction of a coefficient system for Bredon cohomology on the category of finite proper G-CW complexes. This gives twisted Bredon cohomology which is related to twisted equivariant K-theory by a spectral sequence.
Twisted Bredon Cohomology
Bredon cohomology was first introduced by Bredon [5] as a way to formulate equivariant obstruction theory. Let O G be the orbit category of G; a category with one object G/H for each subgroup H ⊆ G and morphisms all G-maps between any two objects. Notice that there are morphisms φ : G/H → G/K if and only if H is subconjugate to K, since if φ(eH) = gK, then g −1 Hg ⊆ K. A coefficient system for Bredon cohomology is a contravariant functor M : O op G → Ab into the category of abelian groups. Given a G-CW complex X, there are some standard coefficient systems given by
The connecting homomorphisms of the triple ((
give rise to a boundary map
with ∂ 2 = 0. For two coefficient systems M and M ′ , we denote by Hom CG (M, M ′ ) the abelian group of natural transformations between the two systems. This is an abelian group since the category C G of coefficient systems is abelian [17] . Now for any coefficient system M and any G-CW compex X, we can define a cochain complex of abelian groups
. This makes C * G (X; M ) a cochain complex of abelian groups. The homology of this complex is the Bredon cohomology of X with coefficient system M , denoted H * G (X; M ). Now, let G be an arbitrary discrete group and α ∈ Z 2 (G, U (1)) be a normalized torsion cocycle. As before, to avoid cumbersome notation we will use α to denote both the cocycle and its restriction to any subgroup H ⊆ G if it is clear from the context which is meant. We can define a coefficient system for Bredon cohomology of proper, finite G − CW complexes by using the twisted representation group functor R α (−). Define R α on objects by R α (G/H) = R α (H). Note that this is well defined if H is a finite subgroup of G. Since we are considering proper action of discrete groups, the only orbits we are concerned with are of the form G/H with H finite. Therefore, this coefficient system is well defined in our case.
The coefficient system is defined on the morphisms of O G as follows. If H ⊆ K are finite subgroups of G, then there is an obvious map φ : G/H → G/K in the orbit category. We define R α (φ) to be the map R α (K) → R α induced by restricting every representation to the subgroup. A map in the orbit category induced by gHg −1 ⊆ K for some g ∈ G is given by g ′ H → g ′ gK, and it induces a map R α (K) → R α (H) by restricting every representation to the subgroup gHg −1 and then using the isomorphism induced by conjugation.
Definition 4.1. The α-twisted Bredon cohomology of a finite, proper G−CW complex X is defined to be H *
) is a cocycle and R α is the coefficient system described above.
It is worth mentioning that the name α-twisted Bredon cohomology is a bit misleading. This is not Bredon cohomology with twisted (local) coefficients. There is a theory of Bredon cohomology with local coefficients which generalizes the nonequivariant case [18] . We use the name α-twisted Bredon cohomology to emphasize the connection with α-twisted equivariant K-theory which will be explored more deeply later.
Many common coefficient systems for Bredon cohomology extend to a quotient of O G denoted by Sub(G). Sub(G) is the category of subgroups of G and monomorphisms induced by subconjugation. Sub(G) is a subquotient of O G because all of the morphisms G/H → G/H coming from conjugation by an element of C G (H) are collapsed to the identity. So for a coefficient system to extend to Sub(G), it must take any map G/H → G/H induced by conjugation by g ∈ C G (H) to the identity. It is clear that the coefficient system R α extends to Sub(G), and so it defines a contravariant functor from Sub(G) to Ab.
For the following important result we need to use induced modules. Before proving this, recall the definition of a Mackey functor. We will use the notation of [14] . Let M : F GIN J G → R − M OD be a bifunctor. This means it is a pair (M * , M * ) consisting of a covariant functor M * and a contravariant functor M * from F GIN J G to R−M OD which agree on objects. Here F GIN J G is the category of finite subgroups of G and injective homomorphisms induced by (sub)conjugation. For an injective group homomorphism f : H → K we will denote the map M * (f ) by ind f and the map M * (f ) by res f . If f is an inclusion of groups we will write ind Proof of Theorem 4.2. First, recall that when considering α-twisted representations of a finite group G it suffices to consider C α G-modules. We will use the notation of [14] as above. We make R α into a bifunctor in the following way. Let its value on objects be the obvious one, R α (H) = R α (H). For the contravariant functor, let (R α ) * (H → K) = R α (K) → R α (H) be the usual restriciton induced by inclusion (and possibly conjugation). For the covariant functor, let (R α ) * (H → K) be the map taking the
where gHg −1 ⊆ K. Now the first two properties follow from the definitions, and the third follows from the Subgoup Theorem (Theorem 2.8). So R α is a Mackey functor.
Since R α (H) is not a ring, we cannot expect to have a multiplicative structure on H * G (X, R α ). However, we do have a sort of twisted multiplication
as noted previously. This gives hope that there might be an analogous product structure on twisted Bredon cohomology, and in fact there is. for α, β ∈ Z 2 (G, U (1)). This pairing is natural in X.
The proof of this theorem is exactly analagous to the proof of the existence of the cup product in singular cohomology. Also, since α + β = β + α as cocycles, it is easy to show that the twisted product is graded commutative, i.e. s ∪ t = (−1) (nm) t ∪ s for s ∈ H n G (X, R α ), t ∈ H m G (X, R β ). It is clear that if α is the trivial cocycle, we have Bredon cohomology with coefficients in the representation ring functor. For simplicity call it untwisted Bredon cohomology. Notice that the product just defined makes α-twisted Bredon cohomology a module over untwisted Bredon cohomology in a natural way. This is completely analagous to what happened with α-twisted equivariant K-theory. This isn't suprising, since we can connect the two theories by a twisted equivariant Atiyah Hirzebruch spectral sequence.
The Spectral Sequence
Next we see that there is a spectral sequence connecting the α-twisted Bredon cohomology and the α-twisted equivariant K-theory of finite proper G-CW complexes. This spectral sequence is a special case of the more general spectral sequence constructed by Davis and Lück [8] . They prove [22, Theorem 5 .28] a general result in this direction. For a compact quotient orbifold and a torsion twisting, the theorem says that if there is a single finite rank twisted bundle, then the twisted orbifold K-theory is representable in terms of finite rank bundles. They conjecture that for any torsion twisting, there will always exist at least one finite rank twisted bundle. So our construction gives a partial result for their conjecture. If G is a discrete group, X a finite proper G-CW complex, then given any torsion twisting [α] ∈ H 3 (X × G EG; Z) with [α] in the image of p * • δ there is a finite rank α-twisted bundle (Theorem 3.1). Tu and Xu have also constructed a Chern character for twisted orbifold K-theory which lands in a twisted version of deRahm cohomology [23] . Since their definition of twisted K-theory involves operator algebras, their Chern character factors through the periodic cyclic homology groups of the operator algebra. In the case of a discrete group acting properly and a torsion twisting coming from the group, the Chern character mentioned in this paper gives an alternate method of computation for the twisted K-theory groups.
